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1. Define a relation ∼ on R2 such that (x1, y1) ∼ (x2, y2) if and only if x21 + y21 = x22 + y22 .

(a) Show that the relation ∼ is an equivalence relation.

(b) What are the elements of the equivalence class [(3, 4)]?

(c) Describe the elements of R2/ ∼.

2. Let R[x] be the set of all polynomials with real coefficients.

Define a relation ∼ on R[x] such that P (x) ∼ Q(x) if and only if P (x) − Q(x) is divisible by

x2 + x+ 1.

(a) Show that the relation ∼ is an equivalence relation.

(b) Describe the elements of R[x]/ ∼.

3. Construct a concrete bijective function from Z+ to Z.

4. Show that log(n2 + 1) is O(log n).

5. (a) Show that n log n is O(log n!).

(b) Is it true that n log n is Θ(log n!)?

6. Let α > β > 1. Show that βn is O(αn), but αn is not O(βn).

7. Let k be a positive integer.

(a) Show that 1k + 2k + · · · + nk is O(nk+1).

(b) Is it true that 1k + 2k + · · · + nk is Θ(nk+1)?

8. (a) Show that for any positive integer n ≥ 2,
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(b) Let Hn be the n-th harmonic number
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By using the result in (a), show that Hn is O(log(n))
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